The recent high-statistics high-energy atmospheric neutrino data collected by IceCube open a new window to probe new physics scenarios that are suppressed in lower energy neutrino experiments. In this paper we analyze the IceCube atmospheric neutrino data to constrain the Violation of Equivalence Principle (VEP) in the framework of three neutrinos with non-universal gravitational couplings. In this scenario the effect of VEP on neutrino oscillation probabilities can be parametrized by two parameters ∆γ21 ≡ γ2 − γ1 and ∆γ31 ≡ γ3 − γ1, where γi's denote the coupling of neutrino mass eigenstates to gravitational field. By analyzing the latest muon-tracks data sets of IceCube-40 and IceCube-79, besides providing the 2D allowed regions in (φ∆γ21, φ∆γ31) plane, we obtain the upper limits |φ∆γ21| < 9.1 × 10 −27 (at 90% C.L.) which improves the previous limit by ∼ 4 orders of magnitude and |φ∆γ31| 6 × 10 −27 (at 90% C.L.) which improves the current limit by ∼ 1 order of magnitude. Also we discuss in detail and analytically the effect of VEP on neutrino oscillation probabilities.
I. INTRODUCTION
The Equivalence Principle is the cornerstone of classical gravitational theories, from Newtonian gravitation to General Relativity. The Weak Equivalence Principle (WEP) states that the geodesic paths followed by free falling bodies are the same, regardless of their energy content. In the other words, the motion of a falling body is determined only by the surrounding geometry and not by the body's own properties [1] . In the weak field limit, this principle leads to an universal acceleration of the falling bodies, a fact that is rooted in two principles of the Newtonian gravitation: the equivalence of inertial and gravitational masses and universality of the Newton's gravitational constant G N . Since the proposal of WEP, this hypothesis has been extensively tested by a large diversity of experiments, including torsion-balance experiments [2] , motion of solar system bodies [3] , spectroscopy of atomic levels [4] and pulsars [5] [6] [7] ; which always lead to strong limits on possible deviations. However, recent developments in theoretical physics are systematically indicating that many modern attempts to obtain a quantum version of the gravitational theory lead to the prediction that the equivalence principle will be violated in some scale (see for example [8] [9] [10] [11] [12] [13] [14] ). In this sense, improving the current limits on the VEP provides a diagnostic tool in probing very high energy theories of quantum gravity, which are almost inaccessible to conventional experiments.
One of the methods to probe VEP is through the neutrino oscillation phenomena. The effect of VEP on neutrino oscillation was first studied by Gasperini [15] and later developed by others in [16, 17] . The original model was intended to solve the solar neutrino problem [18] [19] [20] [21] [22] [23] [24] [25] [26] , which is now in excellent agreement with the framework of massive neutrinos with the MSW effect [27, 28] . However, despite its failure to explain the solar neutrino problem, VEP can contribute to flavor oscillation as a subdominant effect and so can be probed by solar neutrinos [29, 30] , atmospheric [31] [32] [33] [34] [35] [36] [37] [38] [39] , supernova [40, 41] , cosmic [42] and accelerator [43, 44] neutrinos.
Essentially, the sensitivity of neutrino oscillation to VEP originates from the fact that the flavor states of neutrinos are coherent superposition of mass eigenstates and so act as interferometers which are sensitive to differences in the coupling of mass states to gravitational field. The bottom line is that VEP effectively changes the mass-squared differences by adding a term proportional to the square of neutrino energy (∝ E 2 ν ). Thus, by the increase of neutrino energy the VEP effects become stronger and so the potential to discover/constrain VEP increases. Among the known perpetual sources of neutrinos, atmospheric neutrino energies extends up to very high energy and so provides a unique opportunity to probe VEP. The construction of huge (km 3 scale) neutrino telescopes, with the completed IceCube detector at the South Pole as an example, fulfills the detection of these high energy atmospheric neutrinos. Currently two sets of high energy atmospheric neutrino data are available from IceCube experiment: the "IC-40" data set in the energy range (100 GeV -400 TeV) [45] and "IC-79" data set in the range (20 GeV -10 TeV) [46] , with the total number of events: ∼ 18, 000 and ∼ 40, 000 respectively. In this paper we utilize these data in the search of VEP in the most general phenomenological model accommodating it. By analyzing these data we obtain the most stringent upper limit of VEP parameters, some of them are ∼ 4 orders of magnitude stronger than the current limits.
This paper is organized in the following way: in section II we review the phenomenology of the oscillation of massive neutrinos in the presence of VEP and current upper limits on VEP parameters. In section III we study in detail the effect of VEP on neutrino oscillation. Also, we show the numerical calculation of oscillation probabilities and their interpretation in terms of analytical approximations. Our analysis of the atmospheric neutrino data of IceCube is presented in section IV. Conclusion is provided in section V.
II. PHENOMENOLOGY OF MASSIVE NEUTRINOS IN THE PRESENCE OF VEP
Different approaches for the implementation of VEP in the neutrino sector of standard model exist. Originally, VEP was introduced as a mechanism which induces flavor oscillation even for massless neutrinos. For massless neutrinos, although the neutrino states do not couple directly to gravitational field, during the propagation the gravitational redshift develops a phase difference between the components of the superposition of gravitational eigenstates which leads to flavor oscillation [15] . In this case the gravitational and flavor eigenstates do not coincide and are related to each other by a unitary mixing matrix. However, as it is confirmed by the data of more than two decades of neutrino oscillation experiments, neutrinos are massive with at least two different nonzero masses for the three mass eigenstates. Global analysis of oscillation data strongly verified that these mass differences are responsible for the observed oscillation phenomena and VEP (if exists) can contribute only sub-dominantly. Within this framework of massive neutrinos, three sets of eigenstates can be defined: mass eigenstates (which are defined by the diagonalization of charged lepton mass matrix), gravitational eigenstates (which diagonalizes the coupling matrix of neutrinos to gravitational field, the diagonalizing matrix is not proportional to unit matrix in the presence of VEP) and flavor eigenstates (which enter the charged current interaction). In general these three sets of eigenstates are not equal and so choosing one of them to write the Schrödinger-like equation of evolution, demands to introduce two 3 × 3 mixing matrix where one of them is almost the conventional PMNS matrix and the other parametrize the VEP (see [16, 21] ). In this approach, the number of VEP parameters is equal to the number of parameters required to parametrize the 3 × 3 unitary matrix which is five, including the possible phases. However, since probing this multi-dimensional parameter space is cumbersome, we adopt a different approach which reduces the number of VEP parameters to two. The approach we adopt in this paper (which was introduced first in [17] ) is based on the assumption that the weak equivalence principle is violated via the dependence of Newton's constant on the mass of the neutrino state; i.e., G N = γ i G N , where γ i depends on the mass m i (so, γ i → 1 means restoration of equivalence principle). So, in our approach, VEP is induced by the non-universality of gravitational coupling among the neutrino states, which is effectively taken into account by modifying the metric in the weak field approximation. It is worth mentioning that since currently strong limits exist on VEP and no self-consistent quantum theory of gravity is envisaged, adopting this minimalistic and phenomenological approach is quite justifiable and robust.
In the weak field approximation, the space-time metric can be expressed as g µν = η µν +h µν (x) where the Minkowski metric η µν = diag(1, −1, −1, −1) and h µν = −2γ i φ(x)δ µν [47] . Here φ is the Newtonian gravitational potential andwhere the two VEP parameters ∆γ 21 ≡ γ 2 − γ 1 and ∆γ 31 ≡ γ 3 − γ 1 represent the differences between G N for the respective mass eigenstates. As can be seen, the observable VEP parameters are φ∆γ 21 and φ∆γ 31 . With our current knowledge of the large scale structure of Universe, the dominant contribution to φ is from the Great Attractor with the value ∼ 10 −5 ; though ambiguities exist on this value and also on other possible sources. However, since the VEP effect appears just as the multiplication of φ and ∆γ ij , these ambiguities can be avoided by reporting the limits on φ∆γ ij instead of ∆γ ij . Also, dominant contribution from large scale distant sources means that we can safely ignore the position dependence of φ(r) over the propagation path of atmospheric neutrinos and assume that the potential is constant. In Eq. (3) the ± signs take into account the different possible hierarchies for VEP parameters γ i ; such that the plus sign means the hierarchy of VEP parameters is the same as the one exhibited by the masses, while the minus sign represents the case where the hierarchies do not match. Since there is no reason a priori to restrict these possibilities, we consider both the plus and minus signs in our analysis. The evolution equation of anti-neutrinos can be obtained from Eq. (2) by replacing: V → −V and U → U * . In Table I [30] Probabilities of flavor oscillation for atmospheric neutrinos propagating through the Earth can be obtained by the numerical solution of Eq. (2), with the matter density taken from PREM model of Earth [48] . For our analysis in section IV we calculated these probabilities by scanning the parameter space of φ∆γ 21 and φ∆γ 31 and confront it with the published IC-40 and IC-79 data sets from IceCube neutrino telescope. However, before describing the analysis method, in the next section we discuss the signature of VEP in oscillation probabilities, especially in the high energy range (E ν 100 GeV) where IceCube collects data.
III. OSCILLATION PROBABILITIES IN THE PRESENCE OF VEP
As can be seen from Eq. (2), VEP effectively modifies the standard neutrino oscillation picture by adding the term ∆G to the mass-squared matrix of neutrinos. Thus, basically the VEP in neutrino oscillation is equivalent to replacing the standard mass-squared differences ∆m
Substituting this effective mass-squared difference in the evolution equation in Eq. (2), the first term in Eq. (4) which induces the standard oscillation is inversely proportional to E ν . It is well-known that the oscillation induced by this term diminishes in the high energy range ( 100 GeV), which is our interest in this paper: the ν e -mixing is suppressed in high energy due to the Earth's matter effect, while the ν µ/τ oscillation length 4πE ν /∆m 2 31 ∼ 10 5 km (E ν /100 GeV) becomes larger than the diameter of Earth 2R ⊕ ∼ 12, 000 km and so ν µ − ν τ oscillation will be suppressed. However, the second term in Eq. (4) which characterizes the VEP contribution to neutrino oscillation appears in the evolution equation as 2E ν φ∆γ ij and so the effect of VEP dominates with the increase of energy. This dominant contribution of VEP to neutrino oscillation in the high energy range is the reason that neutrino telescopes, such as IceCube, are perfect detectors in probing VEP.
In the absence of VEP, since the matter effect suppresses ν e -oscillation, the oscillation of ν µ/τ can be described by 2ν approximation. In this approximation we can write the survival probability of muon neutrinos for the standard oscillation scenario as
where L = −2R ⊕ cos θ z , with R ⊕ and θ z denoting respectively the Earth's radius and the zenith angle of incoming neutrino (for up-going neutrinos with −1 ≤ cos θ z ≤ 0). The minima of the ν µ survival probability are at energies E min,n ν,std where derive from the following condition (n = 0, 1, . . .)
and the maxima are at E
Although the matter effect modifies this pattern, the first few maxima and minima can be read from Eqs. (6) and (7) fairly.
In the next subsections we extend this discussion to the case of VEP. We consider three cases: Case i : ∆γ 21 = 0 and ∆γ 31 = 0; Case ii : ∆γ 21 = 0 and ∆γ 31 = 0; and Case iii : ∆γ 21 = ∆γ 31 = 0.
A. Case i : φ∆γ21 = 0 and φ∆γ31 = 0
Starting with the case where φ∆γ 21 = 0, the VEP will modify only the ∆m 
In the analytical discussions of this section we assume ∆γ 31 > 0, unless mentioned otherwise. Generalization to ∆γ 31 < 0 is straightforward. In the propagation basis defined by |ν = U † 23 |ν evolution equation can be written as 2 Since we are interested in the high energy range ( 10 GeV), here we neglect the parametric resonance and effect of θ 13 .
3 Since ∆m 2 21 L/(4Eν ) 1 in the high energy range, we neglect this term and set ∆m 2 21 = 0.
(since ∆m 2,eff 21 = 0, the θ 12 angle can be neglected) 
where c ij = cos θ ij and s ij = sin θ ij . In the above evolution equation ν µ decouples from the rest of states. For constant density, the flavor states (ν e , ν µ , ν τ ) at distance L can be written as
with the T αβ given by 
where ρY e is the average density of Earth. The resonance is induced by θ 13 angle and so it is absent when θ 13 = 0. In the resonance region the θ 13 is maximal ( π/4) and ∆ m 2 31 has the minimum value ( sin 2θ 13 ∆m 2,eff 31 ). Rotating back to ν α flavor states, the ν µ survival probability from Eq. (10) is
where T is the matrix in Eq. (10) . Below the resonance energy, E res,31 ν , the sin 2 θ 13 is suppressed and the following simple relation recovers
At the resonance θ 13 is maximal and the first term in Eq. (15) leads to ν µ → ν e conversion in the resonance region. Above the resonance region θ 13 → θ 13 . However, since θ 13 is small (s 2 13 0.02) the ν µ → ν e oscillation in the high energy range is quite small. Thus, in summary, the oscillation probability in Eq. (16) is a good approximation of ν µ survival probability for φ∆γ 31 = 0, except for the very narrow resonance region where ν µ → ν e oscillation exists.
The same condition applied in Eqs. (6) and (7) to find the minima and maxima of ν µ survival probability can be applied to Eq. (16) , which leads to a quadratic equation for E ν . The minima of ν µ survival probability in Eq. (16) are at E min,n ν,VEP which stems from the condition
where, the coefficients of quadratic equation are
Solutions of the quadratic equation in Eq. (17) gives the minima of the ν µ survival probability E min,n ν,VEP in the presence VEP as (n = 0, 1, . . .)
For φ∆γ 31 10 −25 the second term inside the square root in Eq. (19) is small even for the largest propagation length (L = 2R ⊕ ) and n = 0. Thus, using the approximation
ν,VEP can be obtained: the first set is equal to minima in standard oscillation, E min,n ν,std in Eq. (6), and the second set is
The first set of solutions gives the conventional minima in low energy range ( 20 GeV) while the second set of solutions introduce new minima in the high energy range. Since the maximum value of the second term in Eq. (20) is ∼ 25 GeV, the minima in the high energy range are (n = 0, 1, . . .) 
In the same way, the maxima of ν µ survival probability can be obtained by the condition ∆m 
Thus, in summary, in the presence of VEP with φ∆γ 31 = 0 in addition to the conventional minima and maxima in ν µ survival probability in the low energy range ( 30 GeV), a new set of maxima and minima exists which, for φ∆γ 31 10 −25 , appear in the high energy range ( 100 GeV). So, in the presence of VEP with φ∆γ 31 10 −25 , although the phenomenology of low energy atmospheric neutrinos do not change, the high energy range drastically modifies by the new minima and maxima. A feature of minima and maxima energies, in Eqs. (21) and (22) respectively, worths to mention: although for the standard oscillation the energies of minima and maxima decrease with the increase of cos θ z (see Eqs. (6) and (7)), in the presence of VEP the minima and maxima energies in Eqs. (21) and (22) increase with the increase of cos θ z .
In Fig. 1 we show numerical calculation of the ν µ survival probability in the presence of VEP with φ∆γ 31 = 10 −25 , 10 −26 and 10 −27 , by blue dotted, red dashed and green dot-dashed curves, respectively. Also, the black solid line show the standard ν µ survival probability. All the curves in Fig. 1 are for cos θ z = −1. For the blue dotted curve, where φ∆γ 31 = 10 −25 , the resonance at ∼ 1.8 TeV can be identified. For smaller values of φ∆γ 31 resonance is out of the range of Fig. 1 . As it can be seen, the pattern of minima of maxima are in agreement with Eqs. (21) and (22) . For example, for φ∆γ 31 = 10 −26 , in addition to conventional minima and maxima in E ν 30 GeV, we expect the first minimum and maximum at E which are in agreement with the blue dotted curve. On the other hand, for smaller values of φ∆γ 31 the substantial deviation of ν µ survival probability from standard pattern occur at higher energies. For φ∆γ 31 = 10 −27 the first minimum is at E min,0 ν,VEP 24 TeV (which is out of the plotted range in Fig. 1 , see the green dot-dashed curve). Although this deviation is in the energy range of IC-40 data set, due to small statistics at thigh energy, sensitivity to these small values of φ∆γ 31 will be quite challenging.
B. Case ii : φ∆γ21 = 0 and φ∆γ31 = 0 When φ∆γ 31 = 0, the VEP do not change 13-mass squared difference while 12-mass squared differences will be modified. However, as we pointed already, in the energy range we are considering the contribution from ∆m 
In the analytical discussions of this section we assume ∆γ 21 > 0, unless mentioned otherwise. Generalization to ∆γ 21 < 0 is straightforward. Since ∆m 2,eff 21 increases with energy, there is no decoupling of ν e from ν µ/τ anymore and the full 3ν system would be considered. In the basis |ν = U † 13 U † 23 |ν , the evolution equation, Eq. (2), can be written as Notice that by neglecting the terms proportional to s 13 the matrix in Eq. (24) is block-diagonal and so |ν τ decouple from the rest of states. In this case, the evolution matrix for constant density is
where S αβ are 
are the effective mass-squared difference and 12-mixing angle in matter in |ν α basis. Also,
where ∆η ≡ ∆m 21 , is the vacuum amplitude for the decoupled |ν τ state. The ν µ survival probability is given by (neglecting terms proportional to s 13 ) 
where S is the matrix in Eq. (25) . For φ∆γ 21 → 0 the oscillation probability in the standard scenario will be recovered.
The following comments about the oscillation probability in Eq. (29) are in order. The first term in Eq. (29) , inside the bracket proportional to c 4 23 , is the contribution of ν µ → ν e to ν µ survival probability and in the limit φ∆γ 21 → 0 it goes to one; i.e., P (ν µ → ν e ) = 0. But, for φ∆γ 21 = 0 this term leads to ν µ ↔ ν e oscillation in the high energy range. This term is regulated by the ν µ − ν τ mixing. The last term in Eq. (29) , the effective mixing θ 12 is suppressed and so P (ν µ → ν e ) 0. So, for E ν E res,21 ν where sin 2 θ 12 0, the ν µ survival probability in Eq. (29) reduces to
The minima and maxima of Eq. (31) can be obtained in the same way as Case i discussed in section III A . With a straightforward calculation it can be shown that, neglecting the contribution of ∆m (21) and (22) Fig. 3 we show numerical calculation of the ν µ survival probability for different values φ∆γ 21 , for cos θ z = −1. The features discussed above are manifest: for example, taking φ∆γ 21 = 10 −25 which is shown by the blue dotted curve in Fig. 3 , the resonance at ∼ 4 TeV can be seen. Above the resonance oscillation is induced by ∆ m Fig. 1 ). The oscillation probability derived in Eq. (31) is in good agreement with the numerical result shown in Fig. 3 .
Comparing the curves in Fig. 3 with standard oscillation (black solid curve) shows that for φ∆γ 21 10 −27 the effect of VEP shifts to energies higher than ∼ 10 TeV, where the flux of atmospheric neutrinos is very small. Thus, neutrino telescopes are sensitive to φ∆γ 21 
10
−27 .
C. Case iii : φ∆γ21 = φ∆γ31 = 0
When φ∆γ 21 = φ∆γ 31 ≡ φ∆γ, after subtracting φ∆γI (where I is the unit matrix), the coupling matrix of neutrinos to gravitational field is ∆G = diag(−4E 4 ν φ∆γ, 0, 0). The oscillation probabilities can be calculated in a similar way as in section III B: by changing the basis to |ν α , the Hamiltonian takes a block-diagonal form. By straightforward calculation, it can be shown that the ν µ survival probability is similar to Eq. (29) with the replacement ∆η → ∆η = ∆m
Thus, all the discussions of section III B applies here, including the resonance and ν µ → ν e conversion at high energies, with the exception that the set of minima and maxima below the resonance is absent here, mainly since the minima and maxima of Case i and Case ii interfere and cancel each other. This absence of oscillatory behavior below the resonance energy, which means less deviation from standard oscillation, leads to weaker limit on VEP parameters when φ∆γ 21 = φ∆γ 31 , as we show in section IV.
D. Oscillograms
In the previous subsections we discussed analytically the main features induced by VEP on atmospheric neutrino oscillation in the high energy range. Also we showed the numerical calculation of ν µ survival probability for upgoing neutrinos at IceCube; i.e., neutrinos which pass the diameter of Earth and so their incoming direction have cos θ z = −1. In this section we present the oscillograms of ν µ survival probability which illustrates, among the others, also the zenith dependence of probability. 
The νµ survival probability as function of neutrino energy for the Standard Oscillations (solid line) and for VEP scenario (Case ii ) with different values of φ∆γ21. All the curves are for cos θz = −1. The mixing parameters are fixed at best-fit values from [49] . Fig. 4 shows the oscillograms of the ν µ survival probability. The panel 4a is for the standard oscillation; i.e., φ∆γ 21 = φ∆γ 31 = 0. As we expect, in the shown energy range E ν > 100 GeV, P (ν µ → ν µ ) = 1 except for percentlevel deviation at E ν ∼ 100 GeV and cos θ z −1. In panel 4b we show the ν µ → ν µ oscillation probability for the Case i in section III A with φ∆γ 31 = 10 −26 . The resonance energy E res,31 ν
18 TeV is out of the depicted energy range in panel 4b and so in all the energy range of this panel P (ν µ → ν e ) 0. As we discussed in section III A, below the resonance energy, oscillation is almost vacuum oscillation dictated by the VEP effective mass difference, ∆m . As can be seen the pattern of oscillation is similar to the previous two cases, with the exception that in the lower energies the maxima and minima are less profound.
IV. PROBING VEP WITH ICECUBE DATA
In this section we confront the atmospheric neutrino data collected by IceCube with the expectation in the presence of VEP. Generally IceCube can identify two types of events: muon-tracks and cascades. Muon-tracks originate from the charged current interaction of ν µ andν µ which produce respectively µ − and µ + that their propagation inside the ice emits Cherenkov radiation collectable by photomultipliers implemented in ice 4 . Cascade events originate from the other interactions including the neutral current interaction of all the neutrino flavors and charged current interaction of ν e , ν τ and their antineutrinos. Each of these two types of events have advantages and disadvantages: for muontracks the benefits are great resolution in reconstruction of the direction of incoming neutrinos and high statistics due to long muon range in ice and rock; while the drawback is the moderate resolution in energy reconstruction. One the other hand, for cascades the energy reconstruction is good while the direction reconstruction of incoming neutrinos is poor.
In this paper we analyze the atmospheric neutrino data sets IC-40 [45] and IC-79 [46] containing muon-track events collected by respectively 40 and 79 strings out of the final 86 strings of completed IceCube. the energy range of IC-40 ad IC-79 data set are respectively 100 GeV-400 TeV and 100 GeV-10 TeV. To calculate the expected distribution of events in the presence of VEP, we compute numerically the oscillation probabilities by scanning the whole parameter space of (φ∆γ 21 , φ∆γ 31 ). In the numerical computation of probabilities we fix the mixing parameters to their best-fit values from [49] and for the density of Earth we use the PREM model [48] .
Also we calculate the expected sensitivity of IceCube to VEP parameters from cascade events. IceCube already observed atmospheric neutrino induced cascade events with IC-40 [50] and DeepCore [51] which the latter provided the first measurement of atmospheric ν e flux. In section IV B we calculate the the sensitivity of cascade events to VEP parameters assuming the full IceCube detector.
A. Constraints on VEP parameters from IC-40 and IC-79 muon-track data
The IC-40 and IC-79 data sets are published by IceCube collaboration in 10 bins of cos θ z (from −1 to 0 with bin width 0.1) and integrated over energy. To analyze these data we calculate the expected number of events in bins of zenith angle and energy, where for the energy bins we takes widths ∆ log 10 (E ν /GeV) = 0.3 and 0.125, respectively for IC-40 and IC-79 configurations. However, at the end we confront the total number of events in zenith bins (integrated over the neutrino energy) with data. The number of muon-track events in the i-th bin of cos θ z and j-th bin of E ν is given by
where T is the data-taking time, ∆Ω = 2π is the azimuthal acceptance of IceCube detector, Φ να is the atmospheric neutrino flux of ν α from [52, 53] , and P (ν α → ν µ ) is the oscillation probability with VEP parameters {φ∆γ kl }. In Eq. (32) the A νµ(νµ) eff is the ν µ (ν µ ) effective area of IceCube, where for IC-40 is taken from [54] and for IC-79 have been estimated by rescaling the effective area of IC-40 (the same has been used in [55, 56] ).
In the analysis of IC-40 and IC-79 data, we perform a simple χ 2 analysis defined in the following way
i,sys
where
is the statistical error, α and β are the parameters that take into account respectively the correlated normalization and zenith dependence uncertainties of the atmospheric neutrino flux with the uncertainties σ α = 0.24 and σ β = 0.04 [52] . The σ i,stat = f N µ i is the uncorrelated systematic error which for IC-40 and IC-79 we assume ∼ 4% and 3% respectively 5 . The index i = 1, . . . , 10 runs over zenith bins and N µ i can be obtained from Eq. (32) by summing over j. After marginalizing with respect to α and β pull parameters, upper limit on VEP parameters (φ∆γ 21 , φ∆γ 31 ) can be obtained. 
Comparing these limits with the current bounds in Table I shows that the limit on φ∆γ 21 is stronger by ∼ 4 orders of magnitude. The limit on φ∆γ 31 from IceCube data is stronger than the current bound by ∼ 1 order of magnitudes.
B. Cascade Analysis
Let us discuss the sensitivity of atmospheric induced cascade events to VEP parameters. As we mentioned, the cascade events originate from neutral current interaction of all neutrino flavors and charged current interaction of electron and tau neutrinos. Thus, any conversion of ν µ (ν µ ) to ν e (ν e ) or ν τ (ν τ ) would lead to a distortion in the zenith and energy distributions of cascade events. Especially, as we discussed in section III, VEP lead to ν µ → ν e conversion and so affect the cascade distributions. Although for cascade events the zenith resolution is poor, but the better energy resolution with respect to muon-track events makes the cascade analysis plausible.
We calculate the sensitivity of IceCube (including the DeepCore part [57] which has higher efficiency in cascade detection) to VEP parameters. The number of cascade events can be calculated similar to section IV A by taking into account the appropriate effective volume of IceCube for cascade detection. For the details of the calculation of cascade number of events see [58] . Again by performing an χ 2 analysis (confronting energy distribution instead of zenith distribution for muon-tracks) we estimated the sensitivity of cascades to VEP parameters. We have found a negligible increase in χ 2 value compared to the standard oscillation scenario for cascades. Thus, the limit on VEP parameters from cascades are weaker than the limits from muon-tracks and the strongest limit on VEP parameter are the ones reported in section IV A.
V. CONCLUSION
One of the essential pillars in the theory of gravitation, both classical and relativistic, is the equivalence principle which has been tested in a variety of experiments. Violation of equivalence principle has far-reaching consequences in the neutrino sector, basically introducing novel oscillation pattern which can be measured at neutrino oscillation experiments. Thus, neutrino phenomenology provides a unique tool to probe the possible violation of equivalence principle. The strength of VEP effect on neutrino oscillation depends on the neutrino energy: the VEP effectively introduce mass-squared differences proportional to E 2 ν and so the oscillation phase will be proportional to E ν . Thus, clearly, the recent collected data of high energy ( 100 GeV) atmospheric neutrinos by IceCube experiment can discover/constrain VEP unprecedentedly.
In this paper we studied the effect of VEP on the oscillation of high energy atmospheric neutrinos. In the high energy range the conventional standard oscillation induced by ∆m 2 ij is absent and the survival probability of each neutrino flavor is ∼ 1. However, VEP can drastically change this pattern: the effective energy-dependent masssquared differences induced by VEP can lead to resonance flavor conversions and also oscillatory behavior in high energy with new maxima and minima in flavor oscillation probabilities. For the phenomenological model of VEP we considered in this paper, with the two VEP parameters φ∆γ 21 and φ∆γ 31 , we studied in detail the oscillation pattern and provided the analytical descriptions of oscillation probabilities. We justified the numerical calculation of oscillation probabilities (especially P (ν µ → ν µ ) which plays the main role in IceCube analysis) with the obtained analytical expressions and showed that the analytical approximation explains the oscillation pattern with impressive accuracy.
Furthermore, we confronted the expected zenith distribution of muon-track events in the presence of VEP with the collected data by IceCube experiments with two different configurations, namely IC-40 and IC-79 data sets. To analyze these data we performed a simple χ 2 analysis taking into account the statistical and systematic errors. The oscillation probabilities have been calculated numerically by scanning the parameter space of VEP parameters in the full three flavors framework. From these analyses we obtained the following bounds on the VEP parameters at 90% C.L.: −9.2 × 10 −27 < φ∆γ 21 < 9.1 × 10 −27 and −6.3 × 10 −27 < φ∆γ 31 < 5.6 × 10 −27 . The obtained limit on φ∆γ 21 is ∼ 4 orders of magnitude stronger than the current limit; also we improved the existing bound on φ∆γ 31 by ∼ 1 order of magnitude.
Finally we investigated the future sensitivity of IceCube to VEP parameters. We have presented the sensitivity region in VEP parameter space assuming three times of IC-79 data set; which improves mildly the obtained limits. Also, we have studied the effect of VEP on cascade events in IceCube, motivated by the fact that VEP induces ν µ → ν e conversion that can distort the energy distribution of cascade events. However, due to lower statistics and higher uncertainties for cascade detection, the sensitivity of IceCube to VEP parameters in cascade channel is less than the sensitivity in muon-track channel.
At the end we would like to emphasize that the limits obtained in this paper can be translated to limits on the parameters of theories (either effective theories or extensions of Standard Model) which predict/accommodate VEP to some level. As an example in this line we can mention the Standard Model Extension (SME) theories which consist of extending the Standard Model action by including all the possible terms that violate the Lorentz invariance [59] [60] [61] . One of the consequences of SME is the violation of equivalence principle such that test of VEP provide a tool for searches of Lorentz symmetry violation. Further speculations regarding these connections and possibilities to probe fundamental theories by VEP tests in neutrino sector [62] [63] [64] [65] [66] will be pursued in a later work.
